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ABSTRACT

The goal of this paper is to derive analytic expressions for the turbulent fluxes of momentum
(Reynolds stresses), heat and mean molecular weight.

(1) Angular momentum. To solve the angular momentum equation one needs to know the
Reynolds stresses Rj;, in particular Ry, It is shown that the latter has the form R,y =
—2DSyr — 2D,V 4 — Doy — D1} + ..., where 254 = sin 6roQ)/or is the shear and
2rV g = sin 09(r2Q)/9r is the vorticity. The dots indicate buoyancy and meridional currents.
The forms of the turbulent diffusivities entering the shear part Dy, vorticity part D,, rigid
rotation () and differential rotation Q) = Q)(r, ) are also derived. Previous models have only
the shear term. The vorticity term gives rise to a true diffusion-like equation for the angular
momentum which now reads 2 (r2Q) = r 2L (r*D %) + 2L [2D, 2 (12Q)] + ...

(i1) Mean temperature equation. Differential rotation alters the mean temperature equation.
In the stationary case, the new flux conservation law reads (y is the radiative diffusivity)
V + Knx '(V = Va) + Vg = V,, where the new term is given by Vo = (Hy/cpxT)R, il -

(iii) Tensorial diffusivities. The turbulent flux of a scalar ¢ (like Tand w) is shown to have
the form Jl‘.j’ = —Dﬁg—f}:, where the D;; are tensorial diffusivities. They are shown to be
functions of the external source of energy (e.g. flux of gravity waves), rigid-body rotation,
differential rotation, meridional currents, 7—u gradients and Peclet number Pe which
characterizes the role of radiative losses.

(iv) Mixing and advection. The tensorial nature of the diffusivities D;; has an immediate
consequence: the symmetric part Dj; gives rise to mixing (by diffusion) while the anti-
symmetric part Dj; gives rise to advection which cannot be represented by a diffusion
coefficient. The equation describing a mean scalar field ® is therefore % + @+ u*)- Vo =
% fj% , ui* = J’?DZ Thus, even without a mean velocity field #, there is an advective
term u* arising from turbulence alone. The advective nature of turbulence was not accounted
for in previous studies which have therefore underestimated the full potential of turbulent
motion.

(v) Peclet number dependence. Radiative losses are an important part of the physical
picture, for they weaken the temperature gradient, and thus reduce the effect of stable
stratification and ultimately enhance mixing. The Peclet number dependence is accounted for
in the model.

(vi) Shear-induced versus wave-induced mixing. In this formalism, the dichotomy between
the two processes no longer exists, since we show that the flux of gravity waves, treated as an

external source of energy, is a natural ingredient of the formalism.
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1 THE PROBLEM

For many years, the convective zone of a star attracted most of the
attention, and at present a variety of different models have become
available, varying from an improved mixing length which accounts
for the full eddy spectrum (Canuto & Mazzitelli 1991) to modern
Reynolds stresses-based models that include the essential feature
of non-locality.

By contrast, our understanding and ability to describe the
dynamical properties of the stably stratified radiative zones are
more rudimentary. Helioseismology has greatly helped to deter-
mine the acoustic structure of the Sun, but not the thermal and
chemical structure which are due to mixing (by diffusion) and
transport (by advection). We may cite three unsolved problems.

Data indicate that the solar Li abundance is some 200 times
smaller than the initial abundance, an occurrence which has
generally been viewed as an indication of ‘deep but gentle mixing’
several orders of magnitude smaller than the values in the
convective zone but larger than the kinematic values. Such mixing
would bring Li toward the interior of the Sun where it gets
destroyed. The nature of the mixing is still debated, with rotational
mixing and wave-induced mixing being the two major contenders
(Montalban & Schatzman 1996; Pinsonneault 1997; Roxburgh
1997, Zahn 1997, Fritts, Vadas & Andreassen 1998).

A second unresolved problem is why the differential rotation
that characterizes the outer 25 per cent radius of the Sun gives way
to an almost rigid-body rotation in the remaining 75 per cent of the
solar radius. Since no work can be extracted from rigid rotation, the
most frequently discussed alternatives are shear and internal
gravity waves. While the two processes are always discussed as
being mutually exclusive, in our treatment we incorporate both of
them into the same formalism.

The third problem is of a more conceptual nature. It is always
assumed that turbulence of whatever origin only mixes but never
advects, and yet it will be shown that for the case of scalars,
turbulence gives rise to both mixing and advection, while for the
case of angular momentum, only mixing occurs via the Reynolds
stresses. Mixing and advection are quite different processes:
mixing tends to smooth out density differences so as to lead to a
homogeneous flow, while advection does somehow the opposite,
since it brings together different parts of the flow which may have
different densities.

Even an incomplete list of the work in this area brings out the
flavour of the wide variety of different viewpoints as to which
mechanism is more relevant. Since microscopic diffusion is
insufficient, Charbonneau & Michaud (1998) added meridional
currents, but Balachandran (1990) pointed out ensuing disagree-
ment with observed data; a weak turbulence induced by rotation
was added by Vauclair (1988), while gravity waves generated at the
bottom of the convective zone were suggested by Garcia Lopez &
Spruit (1991). While an arbitrary enhancement by a factor of 15
was needed to fit the data, we think that the factor is only =3 which
stems from using a critical Richardson number Ri(cr) = 1, as
derived from non-linear stability analysis, rather than Ri(cr) = 1/4.
Richard et al. (1996) showed that meridional currents alone may
explain Li’ data provided that one tweaks adjustable parameters.
Pinsonneault et al. (1989) suggested a model that explains the Li
solar depletion, but the resulting {)(r) in the interior of the Sun is
far from flat as demanded by helioseismological data. Ventura et al.
(1998) were able to reproduce the Li’ abundance with an
overshooting (OV) compatible with helioseismological data
provided that there is a magnetic field. Schattl & Weiss (1999)

have shown that an OV model based on a 2D simulation is not
compatible with Li data. Talon & Charbonnel (1998) and
Charbonnel & Talon (1999) assumed that the momentum
diffusivity is identical to the concentration diffusivity which, in
units of the radiative diffusivity, was taken to be a fixed fraction of
the Richardson number. Schatzman, Zahn & Morel (2000) have
concluded that shear instability is an unlikely source of mixing
[their conclusion would have been just the opposite had they used
Ri(cr) = 1 instead of Ri(cr) = 1/4]. Charbonneau et al. (1999) and
Dikpati & Gilman (2001) have recently carried out a 2D linear
stability analysis and concluded that, if there is an OV region with
[V — V.l = 1073, a shear instability sets in and by inference a
shear-induced mixing. However, to translate that into a turbulent
diffusivity of any kind cannot be achieved with a linear analysis,
for it requires the inclusion of non-linearities, a considerably more
demanding task.

The goal of this paper is not to favour one model over another.
Rather, we work out the most complete model that present
turbulence modelling allows us to construct for the turbulent fluxes
of momentum, 7"and w. This will help to boost the reliability of the
model and the conclusions that will ensue once the model is
applied to a star. In principle, to include waves, we would have to
begin by splitting every field as follows:

b=d+ '+

Here, ¢ is the mean field, ¢’ the turbulent part and ¢ the part
arising from the waves. As of today, the full Reynolds stress
methodology has not yet been applied to this case. Here, we shall
give the most complete treatment possible in the case in which we
parametrize the effect of waves via the amount of energy that they
contribute, a variable that will be left undetermined in our model.
Admittedly, this will result in a dynamical model only for the first
two components ¢ and ¢’, while the third component ¢ is not
treated dynamically. Even so, we think that this work is a necessary
step, for it improves and ties up several loose ends of previous
treatments, not to mention its pedagogical value in preparation for
a more complete model when all three terms in ¢ will be accounted
for.

The model yields the Reynolds stresses R; and the tensor
diffusivities D;; as functions of the following variables:

1L, Qo, Q(r, 6), iy, i1, VT,V i, Pe.

Here, II represents the energy source(s), {)y and (r, 6) are the
rigid and differential rotation so that the transition between the two
regimes is accounted for without discontinuities (a requirement not
met by present-day Reynolds stress models), @, and i, are the
meridional currents, V7'and Vu are the 7- and u-gradients, and Pe
is the Peclet number that governs the role of radiative losses which
weaken the stable temperature gradient and favour mixing. The
expressions for R; and D;; are analytical.

2 GENERAL FORMULATION
2.1 Turbulent fluxes

The fields of velocity, temperature and mean molecular weight are
split into an average part (denoted by an overbar) and a fluctuating
part (denoted by a double prime). Using the notation D/Dr =
d/dt + @1;0/9x;, the dynamic equations for the mean velocity field &
and the mean scalar field ® (e.g. T'and w) are of the form (Canuto
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1997)
Dii . 9
ﬁﬁt = *a(pRij) + ..., (la)
]
D® 9
o = —a(p'J?) + .., (1b)

where the Reynolds stresses R;; and the turbulent fluxes of the
scalar field ¢ are defined as

Myl

PRij = puju;, (le)

I = pl @' (1d)

A turbulence model is used to express R;; and J fb in terms of the
large-scale fields @ and ®.

2.2 Scalar fields: mixing and advecting

It will be shown that Jl‘-i’ is given by the following general
expression:

od

— ¢

= Dy
7

(22)

where the DZ-’ are the tensorial diffusivities. An immediate
consequence of the tensorial nature of the diffusivities Dj; is the
following. Let us split the diffusivity tensor into its symmetric (s)
and antisymmetric (a) parts:

Dij = %(Dij + Dji) + %(Dl] - Dﬁ) = DZ + D;} (Zb)

Then the dynamic equation (1b) for (p = 1) ® becomes

@t .vo =" (2%, (2c)
ot 0X; v an
W= (2d)

1 ax] 1

Only the symmetric part of the diffusivity tensor contributes to true
diffusion (right-hand side of equation 2c), while the antisymmetric
part gives rise to an advective velocity u* (referred to as the bolus
velocity). Thus turbulence gives rise to both mixing by diffusion
via the symmetric ij and stirring by advection via the anti-
symmetric Df} This general argument shows that it is not correct to
ascribe, as is often done, diffusion to turbulence and advection to a
mean flow, since turbulence contributes to both.

To give a specific example, consider a 1D case. Since the density
p(T, ) is a function of both temperature and mean molecular
weight, the Boussinesq approximation gives

p7p=—anT" + e, (3a)

where e, = —p19p/0T and @, = p~'9p/0pu are the expansion
coefficients at constant pressure. Thus the buoyancy (or mass) flux
obtained from (1d) with ¢ = p” is given in terms of the heat
(¢ =T") and w(¢" = u”) fluxes as

I = —apd + audh. (3b)

Using (2a), the heat, u and mass fluxes are given by (p =1 for
simplicity)

oT oT o
Jh =Dy|——+ | — ., Ju=—-Dy—,
9z 0z / 44 0z

ap

Dy (c)

J, =
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Changing to the standard dimensionless gradients V, we obtain
Dy = (Dy = RuDp)(1 = Ry) ™, (4a)
Ry =Vu(V -V, (4b)

which shows that the mass diffusivity D, is fully expressed in
terms of Dy ,. It follows that since overshooting is a mass
transport, it must be described by J, rather than by Jy, as is usually
done.

2.3 Mean T-equation

The complete form of equation (1b) for the mean temperature 7' is
as follows (Canuto 1997):

D . P
p, B+ E+E+G) = ~V-(F™ +F" +F )

(59)

This is a true energy conservation law, since on the left-hand side it
contains the sum of all the energies, thermal (4 = ¢,T + p/pis the
mean enthalpy which is equal to ¢,T for a perfect gas), kinetic
(turbulent kinetic energy E = %T,‘,‘ and mean flow kinetic energy
E, = %ﬁ,ﬁi) and gravitational (DG/Dt = g;ii;). On the right-hand
side of (5a) we have the divergences of the radiative flux F ™, the
thermal flux F ", the flux of the turbulent kinetic energy F “ and
the flux 7 of the Reynolds stresses by the mean velocity field:

Fee=1puluull, 7 = pRyi;. (56)

A model is needed not only for F " and R;; (see below), but also for
the third-order moment F;¢ (Canuto, Cheng & Howard 2001;
Kupka, in preparation). The T-equation usually employed, namely

Dh .
o=V (F™ + F"), (5¢)

is a considerable simplification of (5a). Particularly interesting is
the new term 7 which physically corresponds to the transport of
turbulence (i.e. of the Reynolds stresses) by the mean flow itself,
a process that enhances mixing. To visualize the implications of
this new term, consider the stationary limit 8/0¢ =0 of (5a). We
have

F* + F' + Ff + pw[(h + E + E, + G)8; + R;j] = constant,
(5d)

which substitutes the standard flux conservation law:

F™ + F' = constant. (5e)

Consider the r-component of (5d). Differential rotation will give
rise to a new term:

F'r““1 + Flrl + F + pigR,4 = constant (5f)
or, neglecting for a moment F ",

V+EKix'(V=Va) + Vo =V,, (52)
Vo = (HP/CPTX)Rr¢IZ¢. (5h)

The form of the Reynolds stresses R;; is discussed below.

2.4 Velocity field

The dynamic equation (1a) for the mean velocity field #; defined
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via the mass (Favre) average (Canuto 1997),

pi; = pii,  pu =0, (6a)
becomes

a a _ _ aP . _ A0

&(pui) + a—xj(pu,u,- + pR;j) = —pgi — P 2p€in ), (6b)

where Q° represents rigid rotation and R;; are the Reynolds stresses
defined in (1c).

Finally, the mean density p satisfies the dynamic equation
ap 0
— + —(pu;) = 0. 6
or o (pi;) (6¢)

In spherical coordinates, equations (6b) become (I'=sin 0; p= p)

0 0 0
_ .30 o5 — (3 3 + 21"'*2_ FZ
r aI(W(b) ar(V ) 1 89( Wog)

+ 2prQo(T'@i, + cos Biig), (6d)
9 P oD o
&(pu,) =A - o + py + 2pQ) sin ity (6e)
9 _, 0P _, 0D )
- =A—r =+ — +
at(pug) Ay —r 30 pr 30 2pQ) cos Oty (6f)

where, for the sake of brevity, we have defined the variables

J 0
A= — r‘za(r%) - D! g T + r (op + Poe),
(6g)

9 J
Ary= — r‘35<r3¢re> - (D! g Tto0) + (rtg0)” ' gy, (6h)

where
iy =p(Ty; + Ry), (7a)
Trd, = Uiy, ng, = lgllp, (7b)

PRy = pululy, PRogy = puigity,. (7¢)

2.5 Angular momentum

The total angular momentum L of a parcel of unit mass is the sum
of absolute (solid-body rotation ()) contributions, and those
relative to the rotating star )(r,6):

L= LO + Lr = rF(rFQO + ﬁ¢>)' (83)

It can easily be proved that L satisfies the following conservation
law:

ad
5P+ V- (pFp) = 0. (8b)

F is the flux of angular momentum, the (r,6) components of which
are given by

F; = Lii, + rTR,y, (8¢)
FY = Lig + rTRyg. (8d)
3 REYNOLDS STRESSES: PREVIOUS
MODELS

If one uses the standard Reynolds stress model,

er) = _2DmS,¢. (98.)

where Dy, is a momentum diffusivity.

Equation (6d) yields the following dynamic equation for the
angular momentum,

N B AP [0
6t(r 0)=r o (r Dy, ar) + ..., (9b)
that is most frequently used (Chaboyer & Zahn 1992, equation 18;
Zahn 1992, equation 2.4; Pinsonneault et al. 1989, equation 3).
There are several problems with (9a,b). First, equation (9b) is
usually called a ‘diffusion equation’, but it is not so, since a true
diffusion equation must have the form

0 0
() =r7 =
at ar

{rszi(rZQ)] + ... (9¢)
ar
Secondly, model (9a) is just
Rij = —2DnSy, (10a)
and since shear and vorticity,
28y = wij + iy, 2V = m;j — i, (10b)

are two independent, orthogonal tensors, the question arises as to
why (10a) contains shear and not vorticity. In general, one should
expect an expression of the form

From the physical point of view, we recall that shear is contributed
by the large scales while vorticity is contributed mostly by the
smaller scales, and thus the presence of both shear and vorticity in
(10c) is demanded by general considerations. In Section 5 we shall
show that the R 4,-component of the Reynolds stresses has the form

Rgr = =2D,S¢r — 2DV — Dofdo — D1 + .., (10d)

where 254, = rsin 6 9()/dr is the shear and 2V 4, = rsin 00/ is
the vorticity. The remaining terms represent buoyancy and
meridional currents. Thus we see that the momentum flux is
contributed by

Ry, ~ rigid rot. + diff. rot. + grad Q + grad L. (10e)

Over the years, several attempts have been made to improve (10a).
Durney & Spruit (1979) and Durney (2000) used a mixing-length
model to construct the following model:

R,y = —sin O(AQ + Braa—ﬂ), (11a)
r

while Rudiger (1989) and Kuker, Rudiger & Kichatinov (1993)
suggested the relation

a0 a0
R4 = A, sin 0Q-oy, 00320@ — o sin Or (11b)

where the subscripts v and h stand for vertical and horizontal,
respectively. These models do not yield the same expressions for
R, and they are also unable to evaluate the turbulent viscosities A,
B, vand A.

(i) Ry should depend on buoyancy. Since the Navier—Stokes
equations for the fluctuating velocity u/ contain the term

d
&ué’ =..+gp, (11c)

it is clear that in constructing the Reynolds stresses R;; there will

© 2001 RAS, MNRAS 328, 829-838



necessarily be a buoyancy term of the form

By =~ gallp/ + giujp’ ~ By(VT.Vp), (11d)

where VT and Vu are the 7- and p-gradients. Buoyancy terms are
not accounted for in (10a).

(ii) R;; should depend on the meridional currents. Since equation
(10c) shows that R;; must depend on both shear and vorticity, it will
naturally also depend on the meridional currents i, and iy:

Srr = ur,rv Y'S99 = ar + b_le,e,

9
=2V = sin 6 (r*Q),  rSes =, + igtg 6,
r

a0
— 2V = 2Qcos 6 + sin 0@’

2}"S,9 = ljlr’g - 17[9 + rljlg’,,, 2I‘Vr9 = l;t,,,g - ﬁg - Vﬁar. (116)

This means that the meridional currents will enter the angular
momentum equation (8b),

9 9 9
oD + r_za(przLﬁ,.) + r_za[erer,(ﬁ,, ig)] + ... =0,

(11f)

not only via the advective second term but also via the ‘turbulent’
R, 4 which now also depends on the meridional currents, as we have
explicitly indicated in (11f). In previous models (Zahn 1997), the
meridional currents only appear in the second term in (11f).

In summary, the standard Reynolds stress model (9a) does not
provide a complete expression that includes rigid rotation,
differential rotation, meridional currents and buoyancy terms, a
functional dependence that we express as

RyIL, Qo, r, 0), @, @g, VT, Vu, Pel. (11g)

The same dependence also holds true for all the diffusivity tensors
Dj;. In the next sections we shall derive (11g).

4 REYNOLDS STRESSES: DERIVATION
FROM THE NAVIER-STOKES EQUATIONS

Using the Navier—Stokes equations for the turbulent fields, the
traceless Reynolds stresses (E is the turbulent kinetic energy)

b; = Rj — 3E5;, E=1R; (12)

satisfy the following dynamic equation (Canuto 1999):

*

D 4
Db + Dby = =3 KS; = 35— Z; ~ B —11 (13a)

ij i ij>

where Dy represents the diffusion of b;;. The pressure correlation
tensor H,»j and the other tensors are defined as (a; = da/9x;)

[ = wpy + wps — 3 Syipi. (130)
2 = S + bieSik = 3 8bimSim (139
Z; = buVyy + bV, (139
V: = Vi — 26, oy, (13¢)
B = g\J! + NJP) — 588\, (13f)

where shear S;;, vorticity V;; and buoyancy B;; have already been

ij>

© 2001 RAS, MNRAS 328, 829-838
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defined, and where
_, 0P
A= —(pg) la—- (13g)
X

1

4.1 Pressure correlations

The pressure correlations represented by I1; are the most difficult
part to model. A rather long discussion is presented by Canuto
(1994). It was shown that the II;; contain slow, rapid and buoyancy
contributions, and that the specific form is given by (Canuto 1999)

IT; = I(slow) — 2KS; — ey 3 — auZ; + (1 — Bs)By;, (14a)
where « , and 5 are coefficients to be given later. In addition,

Zij = by Vi + by Vi, (14b)
Vi = Vi~ €ipQop. (14c)

Notice that in the pressure correlations the vorticity \7,, does not
have the factor of 2 that usually appears in the Coriolis term. The
slow part is given by Rotta’s ‘return to isotropy’ model:

IT;(slow) = A7~ by, (14d)
where A is a numerical coefficient,
7=2Ee"! (14e)

is the eddy turnover time, and € is the rate of dissipation of E
(Section 9). Thus equation (13a) becomes

D%b,-, + Di(b) = —AT b — %ES,,- — (1= a3

— (1 = a)Zy — BsBY, (14f)
where
Zij = by Vi + b Vie — p(bix€ixp + bjx€inp)Qop, (14g)
P=Q2—a)l—a) " (14h)

Physically, we can interpret the various terms on the right-hand
side of (14f) as the return to isotropy, shear, the non-linear return to
isotropy, vorticity + rotation and buoyancy.

The algebraic Reynolds stress model corresponds to neglecting
the left-hand side of (14f) so that the equation for b;; becomes a set
of algebraic equations:

8
15
Let us note that model (10a) corresponds to keeping only the first

term in (15a). The suggested values of the constants are A =5,
a; =098, a; = 0.568 and Bs = 1/2.

At by = = ES; — (1 — a3y — (1 — w)Z;; — BsB.  (15a)

5 REYNOLDS STRESSES: EXPLICIT FORM

Here we present the explicit form of the Reynolds stresses as from
equation (15a). For ease of notation, we employ the dimensionless

variables
ri=Ry/E, Qo= 1O, 6) + pQol, (15b)

Q)
00°

The explicit forms of the R;; are as follows.

Q
Q) =7sinb QZETrsinOaa—. (15c¢)
r
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51 R,y
We have
qorrg = 8000 + g1Q + g2 + 2Bse By + g, (16)
where
qo=A+ 1 — ) @, + rii,, + grg "' 6),
80 = (ap — 1)(ry8in @ — rgg sin 6 + rpgcos ),
2g1 = (a1 + ap = D)ryg,
28, =4/5 — ai/3) + (a1 + a0 — )y + (a1 — @27 g5
28m = regl(ar + as — 2)7r (.9 — f1g) + (a1 — a2)7itg,]. (17)
Several comments are in order.
(1) The first three terms in (16) can be combined to yield
R,y = =2DS¢, — 2D,V 4 — DoQlo — D1 QL + ..., (18a)

where the diffusivities D; 0 corresponding to shear, vorticity,
rigid rotation and differential rotation are given by

4
D, = qu TE,

2Dv = q(;l(l - QZ)T(RW - R(bd))a
Di = qy'(1 — ax)TR,gcos 0,
Do = q;' (2 — ax)T[(R,, — Rgp)sin 0 + R,qcos 6]. (18b)

In deriving (18b), we used the fact that «; = 1. Thus the
momentum flux R, is contributed by the following processes:

Ry¢ ~ Qo + Q(r, 0) + grad Q + grad L. (18¢)

The standard model (9a) has only the first term in (18a). It is
important to stress that D, and D, depend on two different
processes: the first depends on «; = 1 while the others depend on
a,. As one observes from the general structure of the Reynolds
stresses (15a), the coefficient «; enters the equation via the shear
terms X, as equation (13¢) shows. On the other hand, the D,,; o are
entirely due to the (1 — ) coefficient in (15a) which appears only
via the presence of vorticity Z; defined in equation (14g).

(2) Once substituted into the angular momentum equations
(8a,b), the vorticity term of (18a) gives rise to a true diffusion term
for the angular momentum:

0 0 i) i) aQ)
,—(rZQ) = r_z,— rzDv—(rzﬂ) +r 2= r4DS— + ...
at ar ar ar ar

(18d)

(3) Without the meridional currents and without buoyancy, R,
resembles models (11a,b) but the similarity is only superficial. In
fact, a key feature is that heuristic models like (11a,b) cannot
capture the fact that the functions g are themselves functions of the
other stresses.

(4) The expression for R, contains g, which connects R, to
Ry via the meridional currents.

(5) Meridional currents contribute not only to g, but also to go.

(6) We have separated the contribution arising from buoyancy,
the term B,, which will be computed later.

(7) the DS model (Durney 2000, equation 19) has no meridional
contributions, and gq has the first two terms but not the r,4-term or
the buoyancy term B, .

52 Ry

qirop = foQo + f1Q1 + f200 + 2Bs€ "By + - (19)
Here, we have

g1 =A+ (1= a)r ™' 728, + g + igtg ' 0),

fo=(ay = 1)(r98in 0 + rggcos 0 — rpg cos 0),

2f1 =415 — ai/3) + (a1 + @y — 2)rgp + (a1 — 2)r g,

2f2 = (a1 + ap = D)ryy, (20)

2fm = rrgllen + ar — 2)7itg, + (a1 — ar)r ™ (@19 — @p)]. (21)

53 R,
gorrg = hoQo + "1 Qy + 1o Qs + 2Bse "By + h, (22)
where
ga=A+ (1 = a)r ", + G+ rii,,),
ho = (aa — 1)(ry¢ cos 0 + rgg sin 0),
2hy = (a1 — @2)rrg,
2hy = (a1 — @2)rogs (23)
2hm = A(1/5 — an/3) (g, + 1 g — 1 itg)
+ rpl(ar — ao)r "' itng — @tg) + () + o — 2)7iHg,]

+ regl(ar — an) iy, + (a1 +ar—2)r '1(it, g — )] (24)

54 R,
g3t = 50Q0 + 5101 + 5200 + 2Bse By + s, (25)
where
g3 =A+31(1 — aprit,,,
5o = 2(1 — ap)r.4 sin 6,
351 =2(1 — ay)rog,
35 =2+ a; — 3a0)rvg, (26)
3sm = 24 + £ (2 — Sa)7ity,
+ 4(ay — Drr 1 Qa, + Gy + itgtg ' 6)
+rppl(er + 3ay — 4y~ (i g — itg)

+ 2+ — 3a)Titg,] — 2(ar — Dr~rop(, + itg)

+ r¢¢*r(ﬁ, + ﬁ@l‘g_le)]. (27)
55 Rdﬂl’
qares = WOQO +wi Qg + wo (), + 2[356le¢¢ + W, (28)

where
ga=A+3(0 — a)mr (@ + etg ' 0),
wo = 2(cy — 1)(r¢ sin 0 + rgg cos 0),

3wy = (o + 3y — Drog,
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3wy = (a) + 3ay — D)rrgs (29)
3wm =24 +3(aq — Dy, — 41 1l + 1/5),

+ (1 — aitgg + 2(a; — 2/5)igtg ' 6)]

+ 2r,9(1 — ay)r "' 1(ritg, + @iy — itp)

+2(1 = a)ry iy, + 2(1 = ay)r~ rogr(it, + figg).  (30)

5.6 Ry
rgg =2 = Iy — ' 31
The turbulent kinetic energy is given by

E =1(R, + Rgg + Ryg). (32)

6 BUOYANCY FLUXES

As discussed earlier, the traceless buoyancy flux tensor Bf;- is given
by equation (13f), where the density flux J? is defined in equation
(3b). If we only keep dP/dr and 0P/d¢p, we have from (13g) the
following relations:

0P

oP
T8PA = Tephy = (33a)

Since, to first order, equations (6e, ) give

% = 2pQyitg sin 6 — pg, r! 2—2 = 2pQiiy cos 0, (33b)
we further have

A =1—2g Qg sin Oity, (33¢)
Ao = —2g ' Qg cos bity,. (33d)

If we assume that the only non-vanishing pressure gradients are in
the r, O-directions, the required buoyancy fluxes entering the
expressions for R;; are given by

B,y = g)\r‘]g’ Byg = gAoJY, B = g\ JY + AgJ?),

B, =3g(2AJ0 — AglY), By = —3g(AeJG + AJ0).  (34)

7 HEAT AND p-DIFFUSIVITIES

Since each J? in (34) is given by equation (3b) in terms of the heat
and p-fluxes, we shall now express J@ and J¥. Using previous
results (Canuto 1999), we have

heat flux: F!' =c,plt, pIt = pul TV, (35a)
where
(8 + apl? = m TR B — mmgT A, NI, (35b)
a; = m TSy + Vi) — mgm Ai(man B + maau i), (35¢)
where
aT aT
B=——+(—) . (35d)
0X; 0Xi ) aa
We also have
pflux . F = pJtt = pull u, (36a)
(6,'1' + bl,)leL = —m TRl'j[,Lj - mTrngzah)\i,u,jJ;, (36b)
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by =m(S; +Vy) — ’rrlgTz/\,-(quath + ma,uy), (36¢)
where
d
=2 (36d)
ax,-

Equations (35)-(36) are a set of coupled, linear algebraic equations
that can be solved to yield the fluxes Jf-"“ . The dimensionless time-
scales (Pe) are discussed below.

With the above expressions for the heat and u-fluxes, one then
constructs the mass flux:

mass flux pJ? = pulp/, (37a)
IV = —apJt + a8 (37b)

Using the Hamilton—Cayley theorem, equations (35b) and (36b)
can be rewritten so as to exhibit the more familiar form (Canuto
1999)

T = DB, etc. (37¢)

However, since the tensors Dg and D{; are rather complex, in
practical applications equations (35)-(36) are preferable for they
are a system of linear algebraic equations.

As an example, consider the case of zero u-gradient and no
shear/vorticity. Equation (35b) reduces to

(8 + ap)J} = mTR;B;, (37d)
a; = —wlwggTZAiath. (37e)
In a 1D case, we further have (Jg‘ =Jh B3=p.Rj=R33 = Ww2):

Jn = DnB, Dy = m w2l + mmN2r) (37f)

where Dy, is the heat diffusivity and N2 is the Brunt—Vaisala
frequency:

N? = —ganB, (37g)

which is positive for a stably stratified flow and negative in the
convective case. Equation (37f) is the standard expression for the
1D heat flux.

8 PECLET NUMBER DEPENDENCE

The Peclet number dependence of the dimensionless time-scale
was derived by Canuto & Dubovikov (1998) to be

m = @) Pe[l + 5(47%) (1 + o HPe] !, (38a)
3 =4(77) ' Pe[l + 4(77%) o7 Pe] !, (38b)
™ = $ms, (38¢)

with gy = 0.72. The Peclet number is defined as
4m? E?
=—— 38d
T 15 ey (38d)
9 DYNAMIC EQUATIONS: GRAVITY WAVES

The above expressions for the fluxes, stresses and Peclet number
involve two turbulence variables E and e:

7= 2F/€, (39a)
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and thus one needs two additional equations for £ and e. The
equation for E is

oE
5+V.FKE=PS+Pb+H—¢s, (39b)

Py= —RySj, Py = —g\J7, (39¢)

where the flux of turbulent kinetic energy F “ represents the non-
local character of turbulence (Canuto et al. 2001). Here, []
represents the possible contribution of sources other than shear, for
example gravity waves, for which one can use the estimate by
Kumar, Talon & Zahn (1999):

II(gravity waves) = 0.1per cent X (L/M)g,,

=2x10"cm?s™? (39d)
In the local limit, equation (39b) becomes
Ps + P, +1l =k (3%)
which means that
production = dissipation. (39f1)

The equation for € has been discussed previously (e.g. Canuto &
Dubovikov 1998), and it could be utilized here too. However, we
suggest a simpler model. To proceed, we begin with the
Kolmogorov-like relation

e=E"A", (402)

where A is a mixing length to be discussed in what follows. Next,
we introduce the dimensionless function

Y= (TN)%, (40b)

which measures the eddy turnover time 7= 2E/€ in units of the
time-scale of stratification N. Thus we can express both E and € in
terms of A and i as follows:

E=4(AN?y~ !, e=8A N3y 2. (40c)
Substituting (40c) in all the expressions for the Reynolds stresses
R;j, buoyancy fluxes Jf and Pe, one is left with only one unknown,

Y, which is determined by solving the algebraic equation (39e).
The mixing length-scale A can be parametrized in two ways:

A= aHp, (41a)

which is the standard, although approximate, model in the absence
of stable stratification; and

A = aH,F(), (41b)

where F(i) is a dimensionless function of i itself. The presence of
F (1) is the recognition that, in the presence of stable stratification,
all length-scales are reduced. Deardorft (1980) first suggested the
heuristic expression

Nl=wN"!, (41c)

where w =~ E'2 and [ is the length-scale in the absence of
stratification which one may parameterize using (41a). More
recently, Cheng & Canuto (1994) have derived a more general
model for A that encompasses (41c) as a limiting case. Using that
result, we suggest that the ratio A/l = x be taken as the solution of
the following cubic equation (see Cheng & Canuto 1994,
equations 38a,b):

y? =y + AWy + B =0, (41d)
where

y=aP AW =bo*. B =ad® —bd™,  (dle)

3/2
3nda=2S—1), a=012(s—1+35 )", (41g)
S=1+13"2Ko32(R T - 1). (41h)

Ko is the Kolmogorov constant (1.5 < Ko < 1.8) and Ry is the flux
Richardson number

[Pyl

= <1 Ali
Ps + 10 @15

N

Alternatively, one can assume values of R and then check whether
(41i) is satisfied. The ratio A/l is expected to be a decreasing
function of ¢ since the stronger the stratification A, the larger the
reduction of the length-scale A. For example, for 7N = 40 and
Ry = 0.8, equation (41b) gives A/l = 0.2.

10 PRACTICAL USE OF THE MODEL

As already discussed, in practical calculations, the most convenient
form for the Reynolds stresses R;; is given by the compact form
(15a) which amounts to a system of linear algebraic equations for
the various components of R;. The explicit form presented in
Section 5 is convenient for discussing the physical content of the
various components, but not for practical applications. The heat
and w fluxes needed to compute the buoyancy/mass flux tensor Bj;
that is present in (15a) are computed using the definition (3b). The
latter involves the heat and u fluxes which are obtained by solving
the set of linear algebraic equations (35)—(36). The two variables E
and e (we recall that 7 = 2E/€) must be written as in (40c) where i
is the solution of the production=dissipation relation (39e).
Finally, for A we have suggested two models, as shown by
equations (41a,b).

11 CONCLUSIONS

We have presented the most updated Reynolds stresses R;;, heat J?
and p fluxes JI* that today’s turbulence models allow us to
compute. This work is a considerable generalization not only of
mixing-length-type models (Durney & Spruit 1979) but also of our
own work (Canuto, Minotti & Schilling 1994). The Reynolds
stresses R;; depend explicitly on the buoyancy fluxes Bj;; which
appear in all the final expressions for R;. The heat and u fluxes
themselves depend on the large-scale flow (i, , iy, i1g) as seen

from equations (35)-(36). The present formalism can be applied to
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a variety of problems, of which we sample the most frequently
discussed.

11.1 Transport of angular momentum

This has been studied by Pinsonneault et al. (1989), Schatzman
(1990), Zahn (1987, 1990, 1992), Maeder & Zahn (1998) and
Elliott, Miesh & Toomre (2000). The angular momentum
conservation, equations (8b) involves the Reynolds stresses R;;
which are given by equations (15a). If one is interested in the
convective zone (CZ) where there is strong mixing, one can
assume that the u-gradients are rather small, thus considerably
simplifying the problem since only the 7-fluxes remain. If,
however, one studies the transport of angular momentum below
the CZ in the stably stratified radiative zone (RZ) where mixing
is significantly less efficient, such u-gradients cannot be
neglected. In both cases, the angular momentum equation
depends on the meridional currents i, and iy, for which the
dynamic equations are given equations (6e) and (6f). Once again,
different treatments are required depending on whether one
works in the CZ or RZ. In the latter case, i1, and i, are
usually taken to be of the Eddington—Sweet—Vogt form (e.g.
Zahn 1992).

11.2 Solar tachocline

Helioseismological data (Antia, Basu & Chitre 1998; Charbonneau
et al. 1999; Corbard, Berthomieu & Provost 1998; Li & Wilson
1998) have shown that solar rotation changes quite abruptly from
latitude-dependent in the CZ to (almost) uniform in the RZ. Since
thus far most R;; have been expressed as

R,_'/‘ ~ a,-jraﬂ/ar + b,]aﬂ/a 0, (423)

the R;; abruptly vanish in the tachocline and so do the diffusivities.
The model presented here is no longer of the form (42a) but rather
of the form

R,‘j "‘f(S,j, V,'j) + C,J(Q + Qo) + dlj(ﬁ,-, 1749) + B,J (42b)

In (42b) there are four new terms: a vorticity term V;, a linear
dependence on €(r,0) and (), a term d;; that depends on the
meridional flow 7, iy and a buoyancy term Bj. The last two
terms are missing in all previous models, while the ()-term was
introduced by Rudiger (1989) using heuristic arguments. Here,
the full form (42b) is derived from the Navier—Stokes
equations.

Because of the abrupt change in the functional dependence of ()
from the CZ to the RZ, the layer between the two is the seat of
strong vertical shear. Since radiative losses become increasingly
important and since they weaken the temperature gradients and
thus the negative effects of stratification, the extent to which
turbulence ‘survives’ is a delicate matter that linear stability
analysis cannot resolve (Schatzman et al. 2000; Dikpati & Gilman
2001). Coming down from the CZ where the mixing is the
strongest and the radiative losses the weakest, into the RZ where
the opposite is true, one needs to follow ‘the path toward the fading
of turbulence’ by tracking the behaviour of turbulent kinetic energy
E as a function of two factors that represent opposite effects: the
Richardson number which quantifies the strength of shear (a
source) versus stratification (a sink), and the Peclet number Pe
which characterizes the strength of radiative losses. The difficulty
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is that Pe itself is a function of the dynamical variable E and e,
equation (38d), and thus Pe cannot be assigned a fixed value since it
is getting smaller as one enters the RZ. Thus Pe is part of the
solution rather than a pre-fixed value.

Our approach, which can be seen as being top-down since it
follows how turbulence weakens in the presence of radiative losses
(Canuto 1998), indicates that turbulence persists longer than
expected on linear stability grounds. With the present more general
formalism, the problem ought to be revisited since the presence of
meridional currents can further alter the conclusions of recent
studies (Schatzman et al. 2000).

11.3 Mixing and advecting

In general, the diffusivities that we have derived are represented by
non-symmetric tensors. We have shown that the symmetric part
gives rise to mixing (diffusion), while the antisymmetric part gives
rise to advection (also called stirring, folding or streaking). Thus the
common assumption, that turbulence gives rise only to mixing while
advection is entirely due to a mean flow, is proven to be incorrect.
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